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Abstract
It is well known that state transformation from one polarization state to another can be achieved
with a minimal gadget consisting of two quarter waveplates. A constructive, geometric approach is
presented, which provides a direct prescription for the fast axis setting of the waveplates to transform
any completely polarized states of light to any other, including orthogonal ones.
1 Introduction
Manipulating polarization states of light with
a minimum number of optical elements is an
important requirement in the field of polariza-
tion optics. Implementation of quantum walks
using linear optics[1], measurement of quantum
correlations of optical systems[2], quantum state
tomography, determination of Mueller matrix of
arbitrary optical materials[3], measurement of the
Pancharatnam phase [4, 5] and the generation of
mixed states[6, 7] are some typical examples where
such gadgets are being used in the present scenario.
In all these applications, the general requirement is
to realize a unitary state transformations with the
help of a minimal number of linear optical elements.
Theoretically, any two polarization states of
light having the same degree of polarization can be
transformed into one another using an appropriate
SU(2) operation. It has been shown in the liter-
ature, that the mimum requirement for realizing
the complete set of SU(2) transformations are a
combination of two quarter waveplates(QWPs)
and one half waveplate(HWP)[8, 9]. However,
for transforming any two polarization states of
light having the same degree of polarization, the
complete set of SU(2) transformations may not
be required. Infact, a subset of SU(2) transfor-
mations generated from a combination of two
QWPs will be sufficient[10, 11]. In this article,
we provide a mathematical treatment to validate
it, by considering the transformation between any
two completely polarized state of light (CPSL).
This result is generalizable to other degrees of
polarization as well. Here, we also provide an algo-
rithm to determine the required orientation of two
QWPs for mutually transforming any two CPSL.
With our approach, we overcome the limitations
of an earlier approach[12], which concluded that
two QWPs are insufficient to deal with mutually
orthogonal states.
This article is organized as follows: in section 2,
we describe our approach for validating the above
result. In section 3, we discuss the results obtained
through our approach and finally, we conclude this
article in section 4.
2 Assignment of symmetry
operations
The issue of transforming any CPSL to any other
CPSL can be addressed on the Poincare sphere.
Poincare sphere is a widely used construction for
describing the polarization states of light, where
various polarization states are mapped onto a solid
sphere of unit radius[13, 14]. A CPSL is mapped
on to the surface of the Poincare sphere and it has
three real coordinates S = (sx, sy, sz) satisfying
the condition sx2 + sy2 + sz2 = 1. S is called the
Bloch vector of a polarization state, which can be
described in terms of spherical-polar coordinates θ
and φ as:
S(θ, φ) =
cosφ sin θsinφ sin θ
cos θ
 (1)
On the Poincare sphere, the task of transform-
ing any initial CPSL to any final CPSL, is equiv-
alent to transforming their respective Bloch vec-
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Figure 1: [Color online] CPSL Si is rotated about
the axis k, by an angle µ to reach another CPSL
Sf . Rotation axis k point radially outward in the mid
plane(yellow region) of Si and Sf .
tors Si(θi, φi) to Sf (θf , φf ). Such norm preserv-
ing transformations are realized as by rotating Si
about a suitable axes k by an appropriate angle µ
to reach Sf as shown in figure 1. For these trans-
formations, all possible rotation axes point radially
outward in the mid-plane of Si and Sf whose plane
normal is given by v(θ, φ) = Si−Sf , where v(θ, φ)
is an another Bloch vector. The functional form of
the various rotation axes in the mid-plane v(θ, φ)
are obtained by parameterizing the unit circle in
the plane v(θ, φ) denoted by kv(θ,φ)(ν), where ν is
a parameter. An explicit form of kv(θ,φ)(ν) is ob-
tained by using a parametric form of an unit circle
in any known plane and the Rodrigues operator[15].
A parametric form of the unit circle centered at the
origin in the plane normal to z is given by:
kz(ν) =
cos νsin ν
0
 , where ν ∈ (0, 2pi).
The Rodrigues operator Rˆ(l, ζ) dictates the result
of rotating any vector (say z) about any unit axis
(say l) by an angle ζ given by:
v(θ,φ) = Rˆ(l, ζ)z
v = cos ζ z + (1− cos ζ)(l · z)l+ sin ζ(l× z) (2)
The intended parametric form of a unit circle in
the plane normal to v(θ,φ) and hence the parametric
form of rotation axes kv(θ,φ)(ν) is obtained by (see
figure 2):
kv(θ,φ)(ν) = Rˆ(l, ζ)kz(ν)
=
cos θ cos ν − (1− cos θ) sin (ν − φ) sinφcos θ sin ν + (1− cos θ) sin(ν − φ) cosφ
− sin θ cos(ν − φ)

(3)
where l = z×v and ζ = cos−1(z ·v) = θ, obtained
from eqn. 1.
Figure 2: [Color online] Mid-plane of Si, Sf is v =
Si − Sf (yellow region). On rotating the unit circle in
in the plane normal to z (green region) about l = z×v
by an angle ζ = cos−1(z · v), the unit circle in the
mid-plane v (yellow region) is obtained.
In an earlier approach[12], the rotation axis k
was written down as a linear combination of three
vectors namely: Si, Sf and Si × Sf . But for
orthogonal states Sf = −Si and the chosen basis
set is no longer linearly independent. This led
them to conclude that the two QWP gadget is
insufficient for transforming orthogonal states. The
result stems from the limitations of the algorithm
and the basis choice adopted therein, and not due
to the deficiency of the gadget itself. The present
work parametrizes the rotation axis in a manner
that avoids this problem.
In order to validate the transformation from
any CPSL Si to any other CPSL Sf , we first
determine the angle µ required for rotating Si
about the rotation axes kv(θ,φ)(ν) to reach Sf .
Then, we calculate the rotation angle µq achievable
from the two QWP gadget about the same axes.
Finally, we look for rotation axes kv(θ,φ)(ν), about
which the required rotation angle is achievable
from two QWPs.
The rotation angle µ required in transforming
Si(θi, φi) to Sf (θf , φf ), about any unit axis
kv(θ,φ)(ν) is determined from Rodrigues operator
as:
Sf = cosµ Si + (1− cosµ) (kv ·Si)kv + sinµ (kv ×Si)
(4)
As the rotation axes kv(ν) lies in the mid-plane of
Si and Sf (see figure 1), hence:
kv(ν) · Si = kv(ν) · Sf = cos Ω (5)
From 4 and 5, angle µ required about the rotation
axis kv(ν) in transforming Si to Sf is
cosµ
(
1− cos2 Ω)− Si · Sf + cos2 Ω = 0 (6)
For identifying the rotation angle µq achievable
about any axis using two QWP gadget, we study
the Cayley-Klein parameters[15] of the gadget.
2
Cayley-Klein parameters (e0, e) of any SU(2)
transformation, are the coefficients of that transfor-
mation expressed as a linear combination of Pauli-
spin matrices σ and the identity matrix as basis.
U = exp
(−iµq2 k · σ) ∈ SU(2)
= cos
(µq
2
)
I − i sin (µq2 ) (k · σ) (7)
Cayley-Klein parameters of U are:
e0 = cos
(µq
2
)
; ex = sin
(µq
2
)
kx
ey = sin
(µq
2
)
ky; ez = sin
(µq
2
)
kz
(8)
The operator U describes the rotation about the
unit axis k by an angle µq. Here, we are using
the convention σx =
( 1 0
0 −1
)
, σy = ( 0 11 0 ), σz =( 0 −i
i 0
)
. Cayley-Klein parameters of every SU(2)
matrix satisfies
e20 + e2x + e2y + e2z = 1 (9)
From eqn. 8, it is evident that the above condition
is independent of the rotation axis k and the angle
µq. In other words, rotation about any unit axis k
by any angles µq are achievable from entire SU(2)
transformations.
The Cayley-Klein parameters of a two QWP
gadget UQQ = Q(η2)Q(η1) is
e0 = sin2 β; ex = cosα cosβ
ey = sinα cosβ; ez = sin β cosβ
(10)
whereQ(η) is the description of a QWP in the basis
of Pauli spin matrices, given by:
Q(η) = 1√
2
(I − i cos 2ησx − i sin 2ησy) ∈ SU(2)
(11)
and η is the angle between the fast axis of a
QWP and the reference axis. We have choosen
η1 = α+β2 , η2 =
α−β
2 . It may be noted that two
QWP gadget along with the condition 9 also satis-
fies:
e0 + e2x + e2y = 1 (12)
Combining eqns. 9, 12:
e20 − e0 + e2z = 0 (13)
From eqns. 3 and 8,
cos2
(µq
2
)−cos (µq2 )+sin2 (µq2 ) sin2 θ cos2(ν − φ) = 0
(14)
The above equation describes the rotation angle µq
achievable about the rotation axis kv(θ,φ)(ν) using
two QWPs gadget. This equation is quadratic in
cos
(µq
2
)
and its non-trivial solution is
cosµq = 2
(
A
1−A
)2
− 1 (15)
Figure 3: [Color online] In different mid-planes v(θ, φ),
the rotation angle µq achievable from a combination
of two QWPs about parameter ν of the rotation axes
kv(θ, φ)(ν) is shown. (a) θ = 900, φ = 0, v(θ, φ) = X
(b) θ = 900, φ = 900, v(θ, φ) = Y
(c) θ = 0, φ = 0, v(θ, φ) = Z
(d) θ = 370, φ = 1130, v(θ, φ).
where A = sin2 θ cos2(ν − φ).
In order to get some insight as to the restric-
tions on the attainable transformations with a
combination of two QWPs, we give some illus-
trative examples. We study the variation of the
rotation angle µq achievable from two QWPs as
a function of the rotation axes parameter ν in a
certain mid-planes v(θ, φ) and it is shown in figure
3. We notice that, in some mid-planes: (i) about
certain axes, rotations are forbidden (see figure 3a,
3b), (ii) achievable rotation angles µq remain the
same, irrespective of the rotation axis (see figure
3c), (iii) µq lies within a band of angles and varies
sinusoidally as a function of the rotation axis (see
figure 3d).
This variation is seen because, QWPs basically in-
troduces a relative retardance of pi2 and the fast axis
of QWPs are oriented only in the plane perpendic-
ular to the propagation direction of light beam.
UQQ = exp
(−ipi4k2 · σ) exp (−ipi4k1 · σ)
= cos
(µq
2
)
I − i sin (µq2 ) (k · σ) (16)
where k1,2 are the fast axis orientation of two
QWPs. cos
(µq
2
)
= 12
(
1− k2 · k1
)
and sin
(µq
2
)
k =
1
2
(
k1 + k2 + (k2 × k1)
)
. In the two QWP gad-
get, constraint on the rotation angle µq achievable
about the rotation axes arises due to the restricted
orientation of fast axes k1,2 in both the QWPs.
3 Results and discussion
We shall now discuss the problem of transforming
any CPSL to any other CPSL by considering cases
of orthogonal states and non-orthogonal states
3
separately.
(i) Transforming orthogonal states us-
ing two QWPs.
On the Poincare sphere, orthogonal states lie at
antipodal points and hence the angle µ required in
transforming any pair of orthogonal states about
any axis in their mid-plane is always pi. The
possibility of achieving rotation angle µq = pi with
the two QWPs gadget is analyzed by studying eqn.
14, which simplifies to
sin2 θ cos2(ν − φ) = 0 (17)
For θ = 0, it is clear that eqn. 17 is satisfied
by every ν and hence, about every axis in the
mid-plane v(0, φ), rotation angle pi is achievable.
Basically, θ = 0 describes the mid-plane whose
plane normal is z. Antipodal points about this
mid-plane are (0, 0, 1)T and (0, 0,−1)T and these
points on the Poincare sphere represents right
circularly polarized state (RCP) and left circularly
polarized state (LCP) respectively. Hence, using
two QWPs, transformation from RCP to LCP and
vice-versa is possible in infinite ways, which is a
well-established result[11].
For θ 6= 0, it is always possible to find ν sat-
isfying the eqn. 17, irrespective of the mid-plane
v(θ, φ). In other words, for any orthogonal states
there always exists a rotation axis kv(θ,φ)(ν) about
which rotation angle pi is achievable using two
QWPs. Hence any orthogonal states are trans-
formable using two QWPs. This result overcomes
the limitations of the earlier work[12].
(ii) Transforming non-orthogonal states
using two QWPs.
In order to do this, we first identify all possible
pairs of CPSL Si and Sf , such that their mid-
plane is v(θ, φ). This is done by rotating every
axis say kv(θ,φ)(ν0) in the mid-plane v(θ, φ) about
kv(θ,φ)(ν0 + pi2 ), by an equal angles in opposite
directions, say χ and −χ as shown in figure 4. So
obtained Si and Sf are restricted to the plane
formed by v(θ, φ) and kv(θ,φ)(ν0). It may be noted
that v(θ, φ), kv(θ,φ)(ν0) and kv(θ,φ)(ν0 + pi2 ) forms
a mutually orthogonal basis and in this basis Si
and Sf are:
Si(θ, φ) =Rˆ
(
kv(θ,φ)(ν0 + pi2 ), χ
)
kv(θ,φ)(ν0)
= cosχkv(θ,φ)(ν0) − sinχv(θ, φ)
(18)
Sf (θ, φ) =Rˆ
(
kv(θ,φ)(ν0 + pi2 ), −χ
)
kv(θ,φ)(ν0)
= cosχkv(θ,φ)(ν0) + sinχv(θ, φ)
(19)
Figure 4: [Color online] In the mid-plane v(yellow re-
gion), the rotation axis kv(ν0) is rotated about its or-
thogonal axis kv(ν0+ pi2 ) by angle χ and −χ. The re-
sulted vectors on the Poincare sphere are Si and Sf
respectively.
From eqn. 6, angle µ required in transforming
above Si(θ, φ) to Sf (θ, φ) about axes kv(θ, φ)(ν) is,
cosµ = cos 2χ − cos
2 χ cos2(ν − ν0)
1− cos2 χ cos2(ν − ν0) (20)
This is then compared with the rotation angle
achieved from the combination of two QWPs
determined from eqn. 15 about various axes
kv(θ, φ)(ν) for further analysis. The entire pro-
cedure is summarized in the algorithm given below:
Algorithm
θ ∈ [0, pi]
φ ∈ [0, 2pi]
θ and φ denotes polar and azimuthal coordinates
respectively, on the surface of Poincare sphere and
with this input mid-plane v(θ, φ) is chosen.
ν0 ∈ [0, 2pi]
χ ∈ [0, pi2 ]
Parameters ν0 and χ are used in eqns. 18, 19
to obtain Si and Sf . By spanning ν0 and χ, all
possible Si and Sf about the chosen mid-plane
v(θ, φ) are obtained. Procedure is iterated about
various mid-planes and in this way the transforma-
tion from every possible CPSL Si to every other
possible CPSL Sf , is accounted.
Look for ν ∈ [0, 2pi], satisfying the condition:(
cosµ − cosµq
)
= 0
cosµq is determined from eqn. 15 and cosµ is
determined from eqn. 20. Both are functions of the
rotation axes parameter ν. If parameter ν exists,
satisfying the above boxed equation, then this
ensures that there exists a rotation axis kv(θ,φ)(ν)
about which, the rotation angle µ required is
same as the rotation angle µq achievable from two
QWPs gadget. Hence, the transformation from Si
4
to Sf is possible using a combination of two QWPs.
Further to find the orientation of two QWPs
essential in transforming Si to Sf , the resulted
solution ν is used to identify the rotation axis
kv(θ,φ)(ν) and the rotation angle µq achievable
about it. From eqns. 8 and 10, α, β are deter-
mined which is then used to identify the necessary
orientations of two QWPs η1, η2 in transforming
Si to Sf .
4 Conclusions
We have formulated a fresh geometric approach for
transforming every CPSL to every other CPSL and
summarized it as in the algorithm. We have nu-
merically verified that there always exists a rota-
tion axis, about which the rotation angle required
in transforming any two CPSL, can be achieved us-
ing two QWPs gadget. From this analysis, we con-
clude that the transformation from every CPSL to
every other CPSL using only two QWPs is possi-
ble. Transformation of states with other degree of
polarization is straight forward and it follows the
procedure detailed for CPSL.
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